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DECOHERENCE IN THE SPIN BATH
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We develop a mathematical description of the decoherence
caused by ”spin baths”, such as nuclear spins or magnetic
impurities. In contrast to the usual oscillator bath models
of quantum environments, decoherence in the spin bath can
occur without any dissipation. Given the almost ubiquitous
presence of nuclear spins in nature, our results have important
consequences for quantum measurement theory, particularly
as the decoherence mechanisms in spin baths work very dif-
ferently from those in oscillator baths.
PACS numbers: 03.65.Bz, 76.90.+d, 05.40.+j
A popular argument in quantum measurement theory
[1–3] claims that quantum interference between ”macro-
scopically distinguishable states” of a macroscopic col-
lective coordinate will be rendered unobservable ”for all
practical purposes” (”F.A.P.P.”; see ref. [3]) by interac-
tions with the surrounding environment. Formal treat-
ments of this ”environmental decoherence” describe the
environment as an oscillator bath [4–6], with coordinates
{xk} (k = 1, 2, . . . , N) each coupled to the macroscopic
coordinate [7]. Thus, e.g., in the symmetric ”spin-boson”
model [6] a spin-1/2 (describing the 2 lowest eigenstates
of the system) is coupled to the oscillators according to
Hosc = −1
2
∆0τˆx +
1
2
N∑
k=1
mk(x˙
2
k +Ω
2
kx
2
k) + q0τˆz
N∑
k=1
ckxk
(1)
where the τˆi operate in the system subspace. A system
initially in the non-stationary state |↑〉 and uncoupled to
the bath, oscillates coherently at frequency ∆0 between
|↑〉 and |↓〉. The bath couplings suppress (”decohere”)
the interference between |↑〉 and |↓〉, and also transfer
energy dissipatively to the bath. In the most common
case of Ohmic dissipation, with dissipation coefficient η,
both the dissipation and decoherence depend only on the
temperature T and on η. An important conclusion of
such analyses is that for some systems (e.g., supercon-
ducting SQUID’s), η may be small enough that ”macro-
scopic coherence” (MQC) between |↑〉 and |↓〉 should be
still observable [6,8].
In this paper we explain why the conventional oscil-
lator bath models fail to describe a crucial class of envi-
ronmental couplings, i.e., those to the ”spin bath”, which
includes both nuclear spins and paramagnetic electronic
impurities. If the mutual couplings amongst these spins
can be neglected, then (1) must be replaced by
H spin = −1
2
∆0τˆ+e
∑
N
k=1
[
(δk+iφk)+(ξk~vk+iαk~nk)·~ˆσk
]
+
1
2
τˆz
N∑
k=1
ω
‖
k
~lk · ~ˆσk + 1
2
N∑
k=1
ω⊥k ~mk · ~ˆσk +H.c. , (2)
where the {~σk} are spin-1/2 coordinates describing the
environmental spins; ~vk, ~nk, ~lk and ~mk are unit vectors,
and τˆ± = τˆx ± iτˆy. In what follows we will describe the
derivation of (2), and then discuss two crucial differences
between (1) and (2), viz.,
(a) Oscillator bath models, to be valid for given envi-
ronment, require that the system-environment couplings
Vk (such as the ck in (1)) are small enough so that 2nd-
order perturbation theory (in the Vk) is accurate [9].
The other conventional assumption is that environmen-
tal modes are delocalized, and Vk ∼ O(N−1/2). Thus,
while the environment may have a severe effect on the
macroscopic coordinate, the environment oscillators are
not modified or determined by this coordinate in any es-
sential way. However the typical couplings to the spin
bath (αk, ξk, and particularly ω
‖
k) are independent of N ,
and not necessarily small.
(b) Spin baths have a very destructive decohering ef-
fect; moreover, unlike oscillator baths, there is no partic-
ular connection between decoherence and dissipation for
such baths, and one often has strong decoherence without
any dissipation whatsoever.
(i) Derivation of Hspin: The derivation of effective
Hamiltonians Heff like (1) and (2) has been given in
detail, for particular examples, for both oscillator baths
[4,7] and spin baths [10–13]. One first incorporates the
”fast” high-frequency bath and system dynamics into
a low-frequency ”effective action” describing the tran-
sitions between the low-energy states of both the bath
(truncated, for the spin bath, to the spin-1/2 variables
{~σk}) and the system (truncated to 2 levels). From
these transition matrix elements, plus any residual in-
teractions, one constructs Heff . The high frequency
scale Ω0 is defined by the fast dynamics of the macro-
scopic coordinate (for our problem, Ω0 ∼ τ−1B , where τB
is the ”bounce time” required [14] for tunneling tran-
sitions between |↑〉 and |↓〉). Without the bath, the
1
system transition proceeds via the ”instanton operator”
Ko± =
1
2∆0τˆ± ≡ 12 τˆ±Ω0e−S0 , where S0 is the bare tun-
neling action; this gives Hoeff =
1
2∆0τˆx. Coupling to the
spin bath converts this to
K± =
1
2
∆0τˆ±e
∑
N
k=1
[
(δk±iφk)+(ξk~vk±iαk~nk)·~ˆσk
]
, (3)
in which (a) δk describes the adiabatic renormalization
of S0, due to very high frequency (≫ Ω0) fluctuations
of environmental spins, (b) ξk~vk · ~ˆσk describes the ef-
fect of fluctuations at frequencies ≤ Ω0; and (c) the term
i(φk+αk~nk)·~ˆσk) parametrizes the change in the environ-
mental spin wave-function | χk〉, induced by the macro-
scopic instanton - defining | χfinalk 〉± = Tˆ±k | χink 〉 (with
± as for τˆ±), we have
T±k = e
i
∫
±
dτH
(int)
k
(τ)
= e±i(αk~nk·~ˆσk+φk) , (4)
where H
(int)
k (τ) describes the interaction between ~σk and
the original macroscopic coordinate (before truncation)
during the transition. This form for Kˆ± exhausts all
relevant terms in the combined system-environment sub-
space apart from residual interactions existing before and
after the transition. If the field ~γk acting on ~σk, due to
the macroscopic system, changes from ~γink to ~γ
final
k dur-
ing the transition, we define 2ω
‖
k
~lk = (~γ
final
k − ~γink ) and
2ω⊥k ~mk = (~γ
final
k + ~γ
in
k ). Adding these couplings then
leads directly to (2). The calculation of the various pa-
rameters in (2), for both SQUID’s and magnetic grains,
starting from microscopic Hamiltonians, has been given
elsewhere [10–12,16]. Thus, e.g., in the much-studied
case of an easy-axis, easy-plane magnetic grain [12] the
hyperfine coupling between the ”giant spin” ~S and the
nuclear coordinates {~σk} is 12ω0~τ
∑
k ~σk for spin-1/2 nu-
clei (here ~S = S~τ with S ≫ 1); this gives ω‖k = ω0,
ω⊥k = 0, δk = φk = 0, and, in the usual case where
ω0 ≪ Ω0 (typically ω0/Ω0 ∼ 10−2 − 10−1), one has
αk~nk = ~ˆxπω0/2Ω0, and ξk~vk = ~ˆxπω0/2Ω0 (with ~ˆx - unit
vector in the easy-axis direction) [16]. All these parame-
ters are clearly independent of the number N of nuclear
spins.
(ii) Decoherence: A general analysis of (2) is very
lengthy [10–12,14]. Here we wish to show how decoher-
ence arises, independently of any dissipation. We start
by considering a special case of (2), where
H˜eff = −1
2
∆˜0τˆ+e
i
∑
N
k=1
αk~nk·~ˆσk +
1
2
τˆzω0
N∑
k=1
σˆzk +H.c. ,
(5)
so φk = ξk = ω
⊥
k = 0, and ω
‖
k = ω0 (δk is absorbed into
a renormalised ∆˜0). We also assume ω0 ≫ ∆˜0 (typical
hyperfine frequencies ω0 ∼ 50− 5000MHz, whereas for
macroscopic system ∆˜0 < 1MHz); this means that the
projection, along the macroscopic coordinate axis ~τ (t), of
the total environmental spin polarization Pˆ, remains con-
stant. Any change must involve a minimum energy trans-
fer between system and spin bath, whereas only a max-
imum of ∆˜0 is available. Thus no energy is exchanged,
and there is no dissipation.
Consider now the diagonal density matrix element
P (t) = 〈τz(t)τz(0)〉, i.e., the probability that the macro-
scopic coordinate is |↑〉 at time t and at time = 0. With-
out the spin bath P (t) = P0(t) = 1/2[1 + cos∆0t], and
the spectral function χ′′(ω) = Im ∫ dtP (t) exp(−iωt) is
χ′′0(ω) = πδ(ω − ∆0), showing perfect coherence. With
the spin bath one has
P (t) =
∞∑
n=0
∞∑
m=0
(i∆˜0t)
2(n+m)
(2n)!(2m)!
2n∏
i=1
2m∏
j=1∫
dξi
2π
∫
dξ′j
2π
〈Tˆ †2m[ξj ]Tˆ2n[ξi]〉 , (6)
where the sums
∑
nm are over all possible instanton se-
quences (i.e., ”paths”), and
Tˆ2n[ξi] =
N∏
k=1
[
eiξ2nσˆ
z
ke−iαk~nk·~ˆσk . . . eiξ1σˆ
z
keiαk~nk·~ˆσk
]
,
(7)
contains the relevant operator sequences for each path.
The ”constant polarization” restriction is incorporated
via a projection operator
δ(Pˆ −M) =
∫ 2π
0
dξ
2π
eiξ(Pˆ−M) =
∫ 2π
0
dξ
2π
eiξ(
∑
k
σˆz
k
−M) ,
(8)
inserted into Tˆ2n; in Eq.(7) we assume the polarization
is actually zero. In the usual case where α2k ≪ 1/N1/2
(so αk ∼ πω0/2Ω0), (6) yields, for polarization =M ,
PM (t) =
∫
dxxe−x
2[
1 + cos
(
∆˜0tJM (2
√
λx)
) ]
, (9)
where e−λ =
∏
k cosαk; and JM is a Bessel function.
This leads to an analytic form for χ′′(ω) which is plot-
ted in Fig.1. Typically for macroscopic systems, with
very large N , λ ≫ 1, and we see that oscillations in
P (t) are completely suppressed; we get strong decoher-
ence with no dissipation. Exactly the same physical ef-
fect is obtained letting αk = 0, but adding a coupling
1/2ω⊥
∑
k σˆ
x
k (cf. (2)). To see this, we define an op-
erator Uˆk = exp(iβkσˆ
x
k ) which unitarily transforms the
ground state | ~σink 〉 of ~σk in the field ~γink , to | ~σfinalk 〉 in
~γfinalk . Then tanβk = ω
⊥/ω0, and P (t) has the same
form as (6), except that eiαk~nk·~ˆσk is replaced by Uˆk in
2
(7). In the final answer (9) we need only replace λ with
κ, e−κ =
∏
k cosβk.
0.0 0.5 1.0
0.0
0.1
0.2
χ /
0 /
/
0ω ∆
Fig.1
M=0 contribution
χ′′(ω) for λ = 2 calculated from Eqs.(9,11) in the
high-temperature limit T ≫ λω0. The shadowed area
gives the M = 0 contribution.
To account for the finite temperature of the spin bath,
we note that usually the coupling to the nuclear spins
is much smaller than kBT , and the statistical weight
W (T,M) of states with the total polarization M
W (T,M) = C
(N+M)/2
N
e−Mω0/kBT
Z
; (10)
is centered around small values M/N ≪ 1. For N ≫
1, and M ≪ N we find Z = exp{ω20N/2(kBT )2}, and
the quasi-continuous distribution W (T,M) ∼
√
2/πN
exp{−M2/2N −Mω0/kBT }. Now the ensemble average
of the correlation function is given by
P (t;T ) =
N∑
M=−N
W (T,M)PM (t) ; (11)
For large λ or κ, not only is the spectral contribution from
each polarization group essentially incoherent, but also
the final ensemble averaged P (t;T ) is further smoothed
out, being the sum of someM ∼ (λ, κ) incoherent contri-
butions. In the noninteracting limit λ, κ→ 0 the spectral
function is a combination of a sharp line at ω = ∆˜0 from
M = 0 which is well separated from an incoherent con-
tinuum of lines at ω ∼ ∆˜0κM/2/M ! for M 6= 0.
We see that for the effective Hamiltonian (5), we can
get virtually complete decoherence without any dissipa-
tion. In fact it is possible [12] to find an analytic solution
for P (t) for the full Hamiltonian (2), and this feature of
”decoherence without dissipation” is still preserved, pro-
vided (a) ω
‖
k > ∆˜0 (for the same reason as before), and
(b) the ω⊥k are sufficiently small.
(iii) Spin Baths vs Oscillator Baths:
Why is the physics of decoherence in spin baths so dif-
ferent from that for oscillator baths? To answer this,
consider when we may reduce (2) to (1). Clearly, the
mapping of an arbitrary environment to the oscillator
bath can be justified when the coupling is small, and the
collective coordinate is a weak perturbation to the bath.
In our case it would require (a) that φk, αk, and ξk be
zero, and (b) the correspondence ck = ω
‖
k, Ωk = ω
⊥
k , and
the weak coupling condition ω
‖
k ≪ ω⊥k . The Caldeira-
Leggett spectral function [4] becomes
J(ω) =
π
2
∑
k
c2k
mkΩk
δ(ω − Ωk) ∼ π
2
∑
k
(ω
‖
k)
2
ω⊥k
δ(ω − ω⊥k )
(12)
The above conditions are physically incorrect for the spin
bath, particularly if hyperfine couplings to nuclei are in-
volved (the discussion for SQUID’s, where they are not
involved , will be given elsewhere). Usually ω
‖
k ≥ ω⊥k ,
and neither are small compared to, e.g., ∆˜0. Moreover,
as we have seen, the spin bath modes are often strongly
disturbed by the macroscopic coordinate (so a perturba-
tive treatment is no longer useful), and in fact the spec-
trum of the spin environment is often largely defined by
the coupling to the macroscopic coordinate - it would
be quite different in the absence of this coupling (the
hyperfine interaction provides a good example of this).
Another indication of the radical difference between the
two baths is shown by comparing the M = 0 and M = 2
spin bath states, which are adjacent in energy; neverthe-
less PM=0(t) and PM=2(t) are quite different. No such
difference is possible for oscillator bath states which are
neighbours in energy, and we do not see how an oscillator
bath model can reproduce forms like (9). Thus in deal-
ing with the spin bath, we deal with a new ”universality
class” of quantum environments, in which functions like
J(ω) simply cannot meaningfully be defined.
Even if ω
‖
k ≪ ω⊥k , the spin bath → oscillator bath
mapping requires φk = αk = ξk = 0. However the spin-
boson model (1) can be extended [20,6] to include terms
like
∑
k(c
x
k τˆx + c
y
k τˆy)xk; these correspond to (2) if c
x
k =
ξk∆˜0 and c
y
k = αk∆˜0, provided the c
x
k, c
y
k, ω
‖
k ≪ ω⊥k for
all k. Even if such conditions are satisfied, J(ω) in (12)
will look very peculiar; unless there is a wide distribution
of the {cxk, cyk, ω‖k and ω⊥k }, with some ω⊥k ≪ ∆˜0, the
usual assumption of a continuous form for J(ω) will be
invalid. It would be more usual to find a set of δ-function
groups in J(ω), and it might be interesting to study such
a model, provided a realistic example could be found.
(iv) Quantum Measurements: Measurement theory
gives another perspective on the difference between the
2 baths. In typical oscillator bath models, decoherence
proceeds via exchange of quanta between the system and
individual oscillators [5–7]. In this way the oscillators
3
perform ”measurements” on the system, via interactions
which distinguish [1,18,19] between the relevant system
states (e.g., in (1), the coupling in the bath is propor-
tional to τˆz , and so it destroys coherence between the
eigenstates |↑〉 and |↓〉 of τˆz). This measurement is dissi-
pative and thermodynamically irreversible.
In spin baths decoherence proceeds even if the bath en-
ergy is unaltered - the decoherence is primarily through
the phase change occuring in the environmental wave-
function. Such pure phase decoherence has been previ-
ously discussed [18], in the context of abstract models
of system-environment interactions; however as far as we
know, no attempt has ever been made to discuss how
such decoherence might occur in the real world. We note
in passing that in measurement theory we may think of
the environmental spins as ”inverse Stern-Gerlach mea-
suring devices” [21], in which now the microscopic spins
observe (and thereby decohere) the macroscopic variable,
instead of vice-versa.
(v) Other implications: Spin baths are important in
nature because nuclear spins are everywhere - all ele-
ments except He have significant naturally-occuring frac-
tions of finite-spin nuclear isotopes. Moreover any rea-
sonable number N of nuclear spins coupled to a macro-
scopic coordinate will cause strong decoherence (see
Fig.1); in fact, as N → ∞, the nuclear spin bath will
dominate over any oscillator bath, no matter how weak
are the couplings to the nuclei. Nor should one neglect
paramagnetic electronic impurities, particularly in insu-
lators - in all but ultrapure solids, they have an important
effect because their coupling to macroscopic coordinates
is much stronger then that of nuclei (since γe ≫ γN ).
It is thus clear that this new class of ”quantum en-
vironments” must play an important role in attempts
to push back the ”F.A.P.P.” barrier [3], between quan-
tum and classical phenomena, towards the macroscopic
realm. In many cases (particularly in magnetic systems),
nuclear and paramagnetic spins will be the F.A.A.P. bar-
rier to attempts to see coherence, on anything beyond
the mesoscopic scale.
Finally, we hope the spin bath model may be of some
use in condensed matter physics. Oscillator bath models
have been usefully applied to many of the classic ”many
body problems”, such as the X-ray edge and Kondo mod-
els, to metals, Fermi liquids, and Luttinger liquids, as
well as superfluids, superconductors, and magnets. How-
ever some systems have resisted such descriptions; good
examples are heavy fermions and quantum spin glasses,
where multi-spin correlations are important - such corre-
lations are not so easily bosonized. We hope to return to
this question at a later time.
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